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i�k�bvb�k�

� �h
i	H� _ �qv �r	 a � c�_ x{p>�i��� �U�r	H� c � c �uvq�h
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(x′, τ ′|x, τ) τ ′−τ→∞−−−−−−→ e−(τ ′−τ)E0ψ0(x
′)ψ∗
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(x′, τ ′|T [x̃N . . . x̃1]|x, τ) τ ′−τ→∞−−−−−−→ e−(τ ′−τ)E0ψ0(x
′)ψ∗

0(x)〈E0|T [x̃N . . . x̃1]|E0〉 � . o fq�
_ �bv c �F	H���

〈E0|T [x̃N . . . x̃1]|E0〉E = lim
τ ′−τ→∞

(x′, τ ′|T [x̃N . . . x̃1]|x, τ)
(x′, τ ′|x, τ) . � . oA1 �
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∫
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∫
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� z �����i�h
��q�����i���k� _ �qv v���	H���uw>� c �i�k	H��� 	H��� _ �b���qvb���rx{pH�W���k���k� �q
i���rpb����� c�a 
{��vq��� o8� c �|	��F�
c xypb�r��� �
�r�rx{p@��� �k���q�h
 lmp8� c ��� �r	 _ �b���bvq���rx{p@� _bc�a ��vb�kpb�8�i��� � �8�
�8�i��� _ ����
i���rx{pq��� 6'� _ 	 �r�8�i�h
i� c�c ����
�� _ �bv 	 �Qx{p8�i�
� _bc�a �kpb���bv:�8�
	 ���bvb�r�rx{pb�k� z �����i��
 vb�r� c �k� � ����
 a ��� a �
�
�r���k���kpb��� � c �Gt���
iv:�W�q�r�rx{pb��
�tu��� c �|�h
 c �Uvq�h
 �ipb��
i	H�>vb�Q����	H� 4c xypb�!�U�r	H� cO_ �bv �F� c xypb�r��� �
�k�bv vb��
4�'�
�8�i�r� _b_ 	 c �r��	H� cma �k�b�
	H	 �k� oF�U���i�h�i��
i� c � c �4�r	n���F�r�Q�8�F� tu�kx{p c �k��t���
��8���bvq���
�!pq���F
i���k� �F}��G�k���q� p��Qx{p c ���b�rx{p>� 4 ��
i���W�����r� ^`_ } a � � �Fo

^`_ }|vb��	 z �����i�h

Γ
� �
�b�b�k�+� _ ��� _ }|�q���i�W
i���rx{pq� 2 �k� c � ^ �q���k��� _ � a ��� _ �bv+���8�i� a 
{���r� vq� 
q�b�r�h
��`tu��
ivb��� oM���r�

�m�F
�t!��
�� c � �����k��� _ � a
∆
�k���b� c �q�k��vb� c

φ : Rd −→ K, K ∈ {R,C} �r� 6��rx{p8� _ � a vb� c 9m���bpq����� c �
���Q�i��
 c
eµ

� c �
vq� 
q�b�r�h
��`�F� c

∆µφ(x) =
1

a
(φ(x+ aeµ) − φ(x)).

� � c ���8�i� a 
{�F� a ��p8�`� _ } vq��	 z �����i�h
���� �k���b� w _ 	H	H� �W����

∫
ddxφ(x) −→

∫

Γ

dxφ(x) := ad
∑

x∈Γ

φ(x).

�:�h
�� _ �Q�r�rvb� c xypb� v=< ^ ���k	 ���h
���['���h
{���i�F
'� _ } vq��	 z �����i�h

�E,Γ

��
�
i��x{pq�b�h� c �rx{p � _

�E,Γφ =
1

a2

∑

µ

(φ(x+ aeµ) + φ(x− aeµ) − 2φ(x)).

� _ 
ix{p 9|�r� c xypW
{�F�W� _ � a � _ }�vq� c z �����i�h
 �h
ipq�F���K	��F�%� _bc �k���q��	 c �i�h�i� a ��� �����rv c �k���b�+vb� c �Q
i�h�i� c ����
��i� �|��
 c ���
� o
L ���:vq��� c ��������
q�b���i���
�b�k� c �
���4� _ ��vb�r� 2���
�� _ � a � . o . d �'	 ���:� _bc ���i���r��xypb�h
 wQ����� c ��tu��xyp c ����t���
�� _ � a vb� c �>
i���i� c �r�h
��
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tu�h
ivb�k� � v o p o S → SΓ
oq��� � ��vq��	 �M�F��� c �
�r� a �����i���

SΓ[φ] −−−→
a→0

S[φ].

���r� c � �m��
 c xypW
i�r}�� � � c �i�r	 	 � vb�r� z �����i�h
�t���
�� _ � a � ��vq�>xyp��b��xyp8� �k���bvq� _ �i� a o!��	 ^ ��� a ��	H���r�b�k���M<W� c �i����
i���%�W�r���r�
�8�h
 c x{pq���kvb���b� z �����i��
�t���
�� _ � a �k� � tu���rx{pq� vb��� a �r���rx{pb�k�-�`�F�>�i��� _q_ 	 c ���r	H� c ��� c ���i���k� o ����� c 	 _bc�c ������
:�b�rx{p8� �F� c���Fx{p8�i�k���b�F� a � c �kpb��� tu�h
ivb�k� � c �
�bvb�h
i�H�h
i	 � a �r�rx{p8�|vb�r� �m�h
�tu�k�bv _ � a �8�F�H���q�i��	H�r�h
��i��� z �����i�h
�t���
�� _ � a ��� � tu�k��xypb�c ��xyp vb�k	 �'�
�8�i�r� _b_ 	 c �r��	H� c�c xypb�b�k���r�h
��q�Fpb�h
i� oq���r��2���
�� _ � a vb��
!�8�
	 �q���=<54 c �F�F�r��
i�k� �!pb�k�F
i���:	H��� � _ ��
��i� c xypb�h

w>����� c ��tu�kx{p c �k��t���
�� _ � a

SH
� c ���r	 �`�
�8�i��� _b_ 	 a � a �h���k� v _ 
ix{p

SH [φ] =

∫
ddx(∂µφ)(∂µφ

∗) +m2φφ∗ + g(φφ∗)2.

9m���b� v���� _ ���>� c �b
i��xypb���bvq� z �����i�h
�t���
�� _ � a �F�F�b�+� _ �-	H�����i��� c 9|
 c �h�i� _ � a vb��
`����
��i�r���r���k� ^ �q���k��� _ � a ��� _ �qv+��� 4
�i� a 
{�F���:vb��
q�b�r�h
���tu�h
ivb�k� o

SH,Γ[φ] =

∫

Γ

ddx(∆µφ(x))(∆µφ
∗(x)) +m2φ(x)φ∗(x) + g(φ(x)φ∗(x))2 � . o . ;W�

� _ 
ixyp vq��� ��� c �Q
i���i� c �r�h
 _ � aHa ��p8��v�� c � _ �W�Q�i���
�q�F�r���8�i� a 
{���U��� ���r� a �ht �
pb�q���rx{pb� c L �kpW
i}Y�Fxypb���>�i� a 
{�F� �W����


Dφ→
∏

n

dφ(na). � . o dFeW�

^ � c �i���r�r� vb� c vq��	H��� c ���
� c ���kpq�F}��i���i���&[�
�� c �8���>�i�F
 c
x = (x1, . . . , xd)

tu�h
ivq��� � _ � vb�r� a �F�b���S��pq��� a ��� � _ ���k�
n =

(n1, . . . , nd)
	H���

x = na
�8�h
�tu�k�bvb�h�koW����
!���bvb�=<

Γ
� _ 
!�:�k�b�b�k���rx{pb� _ � a vb��
 z �����i��
 a 
�� �8�k�Kt���
iv �r	 ���F� a ���bvq���

tu� a
a ����� c�c ��� ob���r� z �����i��
�t���
�� _ � a . o . ; ��� c�c � c �rx{p ��� }Y�W
G� _ 	H�h
i� c x{pq��g!��
i��x{pq� _ � a ��� � _qa �F� a �r��xypb�h
G����
i	 v _ 
ix{p
vb�r	 �k� c �r�F�q��� c � z 
�� �8�k� � _bc vb
i�bxi�8��� j

SH [φ] =
∑

n

(
−κ
∑

µ

<(φnφ
∗
n+eµ

) + φnφ
∗
n + λ(φnφ

∗
n − 1)2 − λ

)
. � . o d . �

B ����
�������� �����k��xypb�b��� <(c)
vb�k� 6'�k�F���i�k��� ���r�b��
G�
�
	 �q�r�M<W��� �m��
i��� �����k�

c
_ �bv � c�a �����kj

φn =

√
2ad/2−1

√
κ

φ(na)

1 − 2λ =
1

2
(2d+ a2m2)κ

κ2 =
ad−44λ

g
.

���h
 z �����i�h
{��� c �{�F�bv
a
��
i�����G�r� vb��� c �h
'�q�F
i	 _ �r����
 _ � a �b�rx{p8�'	H��pW
'�M<Q�q�r�r������� _ }�o

<>=�� =�� ��G?Y��HB L$S?E LOP^D>UHB E L � � G J;JML$P
���r� 9|�rx{pq���8�
��
i�r�F�b� ���r�b�h
 c �F�F����
i�����!pb���F
i�r� �r� c�c � c �rx{p�v _ 
ix{p w _ � c �i��� _ �i�r�F��vb�h
�����
��i�r���r���k� ^ �����k��� _ � a �k�-v _ 
ix{p
�8�k�
��
i�r�F�8�i� ^ �q�r����� _ � a �k� c ��xypb�h
 c �i�k���r��� � c ���kpb� ^ � c x{pb�b����� . o dQo . �{o ^`_ }4vb�k	 z �����i�h
`t���
iv-vb�r� c ��
 2 � a v _ 
ixyp-vb�r�
�q�F
ivb��
 _ � a �q�Fxyp c ��
i���Q�i�h
 9m�rx{pb�r�8�F��
i���F�b� � v o p o 9m��xypb���>�F��
i�r�F�b� �r� �F���r��� [�
ivb� _ � a ��� vb� c z �����i��
{��� c �{�F�bvb� c �h
 4
c x{p8tu��
��ko ��	 2 �����i�h
i��� tu�h
ivq��� vq�Fpb��
]l4��
{�F���r������
{�F� c ���F
��i�h
]vq� c � _ �i�r�h
��ko L ���]��pW
i��
 B ���r}Y�m��� c�c � c �rx{p ���r�b�|�8�S�F��
i���F�8�i�
^ �q�r����� _ � a vb� 
��b����
i��� � tu���rx{pb� vb���$9m�rx{pb�r�8�
� 
i���F�b� c ��
i���>����
i}��q�����ko
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w>���O���r�+�����rv
Φ
��� c�^ �b�����rv _ � a vb� c 6'� _ 	 4O>M����� 4 z �����i��
 c

M
�q�Fx{p

M × C
a � a �h� ��� o��:� c`c �
�F�r��
i� B � a
a
c }��k��v

φ
� c � v _ 
ix{p%vb�r�+l4
i� � ���>�i�r�
� �
�
�

Φ
� _ }:vb���-�htu�����i� �'�
	 ���
�b�k�8�i� � v o p o φ =

�b

2 ◦ Φ � a � a �h���k� o 2 �����i�h
ipb�r���
{�F� c }Y�F
i	H����
i� c ��xyp v�� c �q�k��v

φ
�q�Fx{p ���r�b�h
'���r�bvb�r	H��� c �r�
�q�F���k� �:��
 c �i�k��� _ � a

D
vb�h
 z 
 _ �b���

U(1)

φ(x) → φ′(x) = D(Λ(x))φ(x).

�:��� c � �:��
 c �i���r� _ � a �k� c �r�bv �8�
� vb��
�����
i	

Λ(x) = e−iα → D(Λ(x)) = e−iQα, Q ∈ Z. � . o dFdW�

Q
tu�h
ivb�u�F� c � �Fv _ � a ���k�����rx{pq�b�h�ko �:�

φ(x)
_ �bv

φ(y)
}Y�W


x 6= y
9m�r��	H���>�i�|�8�h
 c xypb���kvb���q�h
O�`�������k� vq� c 6'� _ 	H� c

Cv�� 
 c �i�k���r��� � c �r�bv l|
i�Qv _ �Q�i�`vb��
G�q�F
i	 φ(x)φ(y)
��	 ^ ��� a ��	H���r�b�k� �b�rx{p8� c �r�b�8�8�
��� oq�`	 �q���rvb��
G�F� �8�h
 c xypb�r��vb�k�b���

l _ �b�>�i�k��vb�h
 6'� _ 	 4O>��k��� �8��
 a �r���rx{pq����� _ � �
�b�b��� � � c � � c vq�Fpb�h
 ���F�i� a � ���k��vq� � _ �k���b�k	 a ��	H���r� c �F	H��� l _ �b�>�
� _ ��
{�F� c ���F
��i�r�h
i�k� o������ c � ^`_bc�a �����:�8�
	H	 �'vb��	 l4��
{�F���r������
{�F� c ���F
��i�h
`� _ � v o p o c ��� φ(x) ∈ Cx

_ �bv
φ(y) ∈ Cy �v����q� vb� 
��b����
��4vb��
4lO��
{�F�r���k����
{�F� c ���F
��i��


U(sx,y)
}Y�W
 � ��vq�u� _ 
��8�

sx,y
vb�h
 6'� _ 	 4O>��k���4�8�
�

x
�q�Fxyp

y
�k���q�u���r�b�k��
i�

^ �q�q���rv _ � a �
�
�
Cx → Cy

ob�O�W
'vb�r� �U
{��� c ���F
��i�h
 a �k���i��tu�k���i��
ipb��� � d�f �

• U(∅) = � � pb�r�h
�� ��� �����k���rx{pb�b� ∅ ���r�b�k�32 � a vb��
�� �F� a �:� _ ��� o

• U(r)U(s) = U(rs) � tu�F���k� vq�h
�2 � a rs �F� c �`�F	 ��� c ���i���
� �
�
� r _ �qv s vb��
q�b�r�h
��Gt���
iv o

• U(−s) = U †(s) � tu��� ��� −s v _ 
ix{p −sx,y = sy,x
a � a ������� � c �ko

^`_qc vq��� c ��� � _bc ���i���r��xypb��� ���F
ivb�h
 _ � a �k� }Y�
� a �`� _bc �'�
� c � c �i���q� a 
i�b�bvb�k� c �
}��F
��'vb�r� � 
{�F� c }Y�F
i	H���i�r�
� c ��� a ��� c xypq�F}��
vq� c � 
{�F� c ���F
��i��
 cG_ �>�i�h
 9|�rx{p>��
{��� c }��F
i	����i���
�b�k�

U(sx,y) → U ′(sx,y) = Λ(y)U(sx,y)Λ−1(x).

�:��� �
�S�
� 
i���F�8�i� ^ �q�r����� _ � a ���h��
{�Fxyp8�i�h� ��� !��h
i�k�b���k� ��t�� c xypb���@�q�Fpb� ��������xyp8����
��i���@l _ �W�Q�i���
x
_ �bv

x + ∆x �tu�F���k� vb�r��vb�F
��i� a �k� �q���rvWtu��
��i����� �k���q��� a �k	H���r� c �F	 �k� l _ �b�>�!��
{�F� c ���F
��i�r�h
��utu��
ivb��� ob�]�b
!� _ 
��8��� �ht�� c x{pb�k�
x_ �bv

x+ ∆x � vq���:�b�rx{p8�Gtu� c �k�8�i���rx{p �8�
� �k���q�h
!�W�W
i�k� c �i�k� � a �k�Qvq���i� c xypb���n� ���>tu�k��xypb��� � 
q�bvq�h�G	��F� �r	 z 
i���q��}s���r�
∆x→ dx

U(sx,x+dx) = 1 − iqAµ(x)dxµ
� . o dQ? �

	H���|vb��� �r��
q�b���i� c �r	����r��� 94
i�k� _ba �k�bvb���
Aµ
o
���r� �|��
�tu���bv _ � a vb��
4g!���k���rx{pb� _ � a

Aµ
t���
iv c � a �r���rx{p �8��
 c �{���qvb���rx{p �tu�k�b� 	���� vq� c �8�k�
��
i�r�F�8�i� ���x! �h
i���>�i�r�F� �
�
�

φ
vq� 
q�b�r�h
��kj

Dφ(x) = Dµφ(x)dxµ := D(U(sx+dx,x))φ(x+ dx) − φ(x).

� ��	H������
 a ���b� c �rx{p vb�r���8�S�F��
i���F�8�i� ^ �q�r����� _ � a ��	 �`�F�>�i��� _q_ 	 c ���r	H� c � _

Dµφ(x) = (∂µ + iqQAµ(x))φ(x).

�:��� c vb�kxi�Q� c ��xyp�	H���mvq�h
 �:� 
q�b���i�r�F��vq�h
m�8�k�
��
i�r�F�8�i�k� ^ �q�r����� _ � a � _bcm^ � c x{pb�b����� . o dQo . obwQ���q� _ �
Λ(x) = e−iα(x) �v����q� }Y�
� a ��	H���ipb���r}Y�:vb� c �U
{�F� c }��F
i	����i���
� c�a � c �h�i��� c vq� c lO��
{�F�r���k����
{�F� c ���F
��i��
 c }Y�W
�vb�r�$9|
i��� _qa �k�bvb�k�

Aµ

Aµ(x) → A′
µ(x) = Aµ(x) +

1

q
∂µα(x).
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{�F� c ���F
��i�h
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q�q���i�=4
c ��	��F�r� 9|
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ko ^`_ }'���r�b�k	 z �����i��
�	 ��� ����� 	��4��� ��� z �����i�h
{��� c �{�F�bv ��� c�c � c ��xyp vq�Fpb��
 c ��
i���>�i�
9m��xypb���>�F��
i�r�F�b� v _ 
ix{p �m�h
�tu���qv _ � a �8�
�-�U
{�F� c ���F
��i������� c �i���r��� vb�h
 � _bc 9m��xypb}��k��vq�h
��
�
� c ��
 _ ����
��i��� �8�S�F��
i�����>�i���
^ �q�r����� _ � a ��� a ��
{�F�8�i�r�h
i��� oq���r� �`�F��tu���bvq� a �8�����G�8�F� �U
{�F� c ���F
��i�h
i� }Y�F� a ��vb��	H�q�Fxyp �r� a � c x{p � _bc vb� !���
i���8�i���F� a ���,4
	H�h��
i� c x{pb��
 w>�rx{p8�koF�:���G�U
{��� c }��F
i	����i���
� c �k� a ��� c x{pq�F}��i��� vb��
4�q���rvb��
 _ �bvH� 
{�F� c ���F
��i��
]� ��vb�r� a ��� � v�� c�c4^`_qc vW
i�bxi�8�vb�h
����F
i	

<(φ∗(x)D(U(sy,x))φ(y))


i���k��� _ �bv����rx{pq���8�
��
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ŌB = 1
NB

∑NB

i=1 ÔB,i
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ÔB,i
	H���Ovq��	 w>x{pq���i�k}��kpb����
 √

σ̂2
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y = 0.079(2)x + 0.0090(5)
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TVU�W/X:WYUZU\[^]^_`WYX:WYa0b&c:U\dfe�Whg0]^[:dLijU�WYd:Ukg)a.]mlm_nlogpU�drqLU\_`X:spc:U�tmgpWYUZWYdrX:Ukg)u?vwloXLW`dxspU\img&lo_YXLlogpa.spU�_Y_Y[:d:iyimU\izUk{|U\df[:d:X}X:WYU
~���� [:_Ya0vngpU\W`c:U\Whspa0img&lmX:U�{|U�gpU�W`spa,lm[:a0W`dVspU�imgpW`U�g0s\�

S[φ] =

∫
d4x

1

2
φ(x)Mφ(x) + λV [φ] =:

1

2
(φ,Mφ) + λV [φ]

� W`U�gZ�,[^gpX:UjU\W`d:Uja0[LimizU\a.spWh�xUm��[:d:XClo{:]^�^gp��U\d:X:U�TVb�c^gpU�W`{V��U�WYa0Uyv��^g�XLlma ~ dxspU\img&lo_!U�WYd:izU�v��:c^g0s\�>��lma�Ukgp�\U�[:izU�dLX:U
qL[:d:]VspWYtzdLlm_

Zλ[J ]
W`a.s,X:U��Ld:WYUkg0s<lm_`a

Zλ(J) = N−1

∫
Dφ e−S[φ]+(J,φ) �w� �n���

��WYU�a!]mlmd:d�lm[:b�c#lm_`a
Zλ(J) =

∫
dµM (φ)e−λV (φ)+(J,φ).

izU�a0b&c:gpW`U�{|U�dy��UkgpXLU�d��:��tm{|U�W5XSloa,�flo�

dµM (φ) = (det 2πM−1)−
1
2Dφe−

1
2 (φ,Mφ)

�xUkg0��U�dLX:Uks��,[^gpX:Uz�/��WYUy�<tmg � W`U�gp[:d:iza.]xtzd:a.s&lmdxspU N �,[^gpX:U#c:W`U�g0{|U�W�izU�U�WYizd:Uks�imU��! mc:_hs\� ~�� qSlm_Y_`U#U�WYd:Ukg�v�gpU�WYU�d
¡ c:U�tmgpWYU

λ = 0
_Y ma0a.sAa0W`b�c�XLlma>U�gp��U�[LimU\d:X:U�qS[:d^]JspWYtmdSlo_^_YU�WYb&cVs>{|U�gpU�b&cLd:U�d��VTJtmv�Ukgpd � lmdZX:U\dZ¢<[:a0X^gp[:b&] �w� �Y���Ed:WYb&cxslm_`a)v�tmg � lm_`U\dr¢<[:a0X:gp[:bp]rlm[^£5l��zs\� � [:a0a¤X:WYU�U�[^]^_YW`XLW`a0b�c:U�¥Dlm[ ��¦R§ U�W`s¤X:WYa.]VgpU�spW`a0WYUkg0s���U�gpX:U�d��E��lmX:[^gpb�cf�,W`gpX}XLlma

qL[:d:]VspWYtzdLlm_`WYdxspU\iog&lm_¨�^{|UkgZ[:d:U�dLX:_`WYb&c©�^W`U\_`U�qLU\_`X:]ztzd^�Sim[:g&l�spWYtzd:U�d©WYd©U�WYdªizU���«mcLd:_`WYb&cLU�a¬�fU�c^gpvwlmb&c:WYdxspU�img&lm_?�:{|Ukg
U�d:XL_`WYb&c��^WYU�_YU�qLgpU�WYc:U�W`spimg&loXLU��^{�Ukgpv��:c^g0s\�x��WYU�a0U�a ~ dxspU\img&lo_L�\Ukgpvw o_Y_`sAWYd�XLlma?u/gptJX:[:]Vs¨U�WYd:v�lmb�c:Ukg!­�lm[^�xWYdxspU�img&lm_YU¤®`�°¯�±²�
�flmdy�Ld:X:U�s

Z0(J) =

∫
dµM (φ)e(J,φ) = e

1
2 (J,M−1J). �w� �´³x�
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��Ukg�uAgpt � lmixl�sptmg
C(x′, x)

U�WYd:Ukg ¡ cLU�tmgpW`U � W`s�X:U � qSU�_YX
φ
]mlmd:dClm_`a�³ ¦ u?[:d^]Js ¦ ­DgpU�U\d ¦ qL[:d:]VspWYtzd XLUk�Ld:WYUkg0s

��U�gpX:U�d����

C(x′, x) = 〈0|T [φ(x′)φ(x)]|0〉 =: 〈φ(x′)φ(x)〉 =

∫
Dφφ(x)φ(x′) e−S[φ]

Zλ(0)

=

[
1

Zλ(0)

δ2

δJ(x1)δJ(x2)
Zλ(J)

]

J=0

.

¢<_Y_YimU � U�WYd _n oa0a.s�a0WYb&cjX:W`U
n
¦ u?[:d^]Js ¦ ­DgpU�U\d ¦ qL[Ld^]JspW`tzdylm[:a�X:U � Ukgp�\U�[:izU�dLX:U�djqL[:d^]JspWYtzdLlm_ XL[^gpb&cjU\dxspa � gpU�b�c:U�dLX:U�a

v�[:d^]JspWYtzdLlm_`U\a�¢D{L_YU�W`spU�dyizUk�,WYd:d:U\d��

G(n)(x1, . . . , xn) =

[
1

Zλ(0)

δn

δJ(x1) . . . δJ(xn)
Zλ(J)

]

J=0

.

e©U�d:d X:WYU��'loimg&lmd:izU�XLW`b�cxspU dV[:g��V[LlmX^g&lospWYa0b&c �xt � qLU\_`X lo{LcL md:ims\�']mlmd:d X:U�g�uAgpt � lmixlosptog�iz_YU�WYb&c lm[:a�X:U�g �Nl ¦
img&lmd:izU�XLW`b�cxspU)lo{LizU�_YU�a0U\d ��U�gpX:U�d5�:¢<[:a!X:U �"! Ukgpiz_`U\W`b�c � W`s �w� �´³z�?�\U�WYios�a0WYb&c��LXLlma0a�X:U�g�uAgpt � lmizlosptmg C(x′, x)

X:U�g
v�gpU�WYU�d ¡ c:U�tmgpWYU�X:U � WYdx�xUkgpa0U�d ~ dxspU\img&lo_`]xUkgpd#X:U\a#�V[LlmX^g&lospWYa0b&c:U\dy¢<dVspU�WY_`a�X:U�g#�'lmiog&lmd:izU\X:W`b�cxspU�U\dxspa � gpWYb&cxs\�
! U�gpa0b&c:WYU�XLU�d:U$�'loimg&lmd:izU�XLW`b�cxspU�d��SX:WYU�XLW`U\a0U�_`{|U�e½W`g0]^[:d:i�{|U�a.spW ��� U\d��La0WYd:X � c&%^a0Wh]zlo_YWYa0b&c� ��V[:W`�mlm_YU�dxs\�L��[^gpb�c

� l�g0spWYU�_Y_YU ~ dxspU�img&lospWYtmd�]zlmd:d�X:WYU'�'loimg&lmd:izU�XLW`b�cxspU � �o�n�)(z� W`d)U\W`dLU�*RU���U�WY_`aEizU�WYizd:UkspU�gpU/[ � izU\v�tmg � sE��UkgpX:U\d�� +A¢<d:a.spU\_`_YU�xtzd � �m�Y�)(z�A]zlodLd#lm_Ya0t�lm[:b�c L1
{L�k�)� L2

�xUkg0��U\d:X:Uks���U�gpX:U�d5� � W`s

L1 = −1

2
Aµ(δµν�E − ∂µ∂ν)Aν

{S�k�)�
L2 = −1

2
Aµ(δµν�E)Aν − 1

2
(∂νAν)2.

��W`Ure½W`g0]^[:d:i � �m�n� � ���,WhgpX�XLlmX:[^gpb�c�d:W`b�cxs#{|U�U\W`d-,L[^�zs\����lob�c�X:WYU�a0U � uAgptz��U\X:UkgpUf]zlmd:d�lm[:a L1
X:Ukg#WYdx�xUkgpa0U

uAgpt � lmixlosptog
D−1

µν

lo{LizU�_YU�a0U\dj��U�gpX:U�d��
D−1

µν ∝ δµν�E − ∂µ∂ν .

�NU�WYX:Ukg�{|U\a0Whsp��s�X:WYU�a0U�g#. � Ukg&losptmg�]zU\W`d ~ dx�xU�gpa0U�a��^XLl¬a0U�WYd�/�U�gpd d:WYb&cxs ¦ s0gpW`�^WYlm_|WYa.s�® ×�� ±²�LTVU\W
f = ∂νg

U�WYd:U)­Dg&lmX:WYU�d ¦
spU\d:v�[:d^]JspW`tzd��LXLlmd:d#izW`_`s

D−1
µν ∂νg ∝ (δµν�E∂ν − ∂µ�E)g = 0

0 WYd ¢<[:a.��U\i¤{|U\a.spU�cxs�XSl�gpWYd��^U�WYd:U 0 WYb&c^�-1^[:dLiZlmd X:U � qSU�_YX
Aµ

�xtmgp��[Ld:U�c � U\d��J��lm��[��,W`gpX ��[^g2�Nlmimg&lmd:izU�X:WYb&cxspU
U\W`d 0 WYb&c^�-1^WYUkgp[:dLima.spU�g � c:WYd:�\[:izU�v��:ims\�

L =L1 + LGF

= − 1

2
Aµ(δµν�E − ∂µ∂ν)Aν +

1

2λ
(∂µAµ)2 �w� �43z�

��W`U\a0U$�Nlmimg&lodLimU\X:WYb&cxspU)W`a.sD[:dxspU�g ! U�g0��U�d:X:[Ld:i��xtzd � log0spW`U\_`_YU�d ~ dVspU�img&lospW`tzd:U\d# ��x[:�JWnlm_`U\dxs,��[

L = −1

2
Aµ(δµν�E − (1 − 1

λ
)∂µ∂ν)Aν

0 a,UkgpizUk{�U�dya0WYb&c#X:WYU$5!Uk��U�iz[:dLima0iz_YU�WYb&cV[Ld:izU�d

(δµν�E − (1 − 1

λ
)∂µ∂ν)Aν = 0,
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Aµ
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a0t°�,W`U)X:U�g,W`dV�zU�gpa0U)uAgpt � loixlosptmg �
D−1

µν = −δµν�E + (1 − 1

λ
)∂µ∂ν .

�flmd izU�cVs�dV[Ldj�^{|Ukg!��[:g ~���� [:_Ya0XLlogpa.spU�_Y_`[:dLiZ[:dLX izUk�,WYd:dxs�lm_Ya�X:U\d WYdx�xUkgpa0U�d . � U�g&losptog!X:U\d u?c:tmsptzd � gpt � lmixl�sptmg
Dµν

W ��~���� [L_`a.g&lm[ � �
Dµν(p) =

1

p2
(δµν + (λ− 1)

pµpν

p2
) �w� � � �

­<Uk{:g& m[:b�c:_YW`b�c:U 0 WYb&c^�-1^WYUkgp[:dLima.{�U�X:WYd:iz[:d:izU�dfa0W`d:X
λ = 1 � qLU�%^d � lod ¦ 0 WYb&cJ[:d:iJ��[:d:X λ = 0 � �Nlmd:XLlm[ ¦ 0 WYb&cV[Ld:iJ�&�~�� _YUksp��spUkgpU\d¬qSlm_Y_JU�gp�k�,WYd:ims>XLUkg
�'loimg&lmd:izU ¦ �f[:_hspW � _YWh]zlosptog/X:WYU���W`�xUkgpizU�dL��v�gpU�WYc:U�W`s>X:U\a 0 WYb&c:v�U�_YX:U\a��mX�� c5�

∂µAµ = 0
�

�^im_À� �w� �43x�&�

*,+.-/+ � 132547684:9 �<;>=?;'@ 9A4CQ � ;>F 2EG.HJILKD2EM���Q =A= H � 9�BD2EG.G ;���� BD2 � � Q @V@ 2E4
��Ukg¤u?c:tmsptmd � gpt � lmizlosptmg¤W � /<tzdxspW`dJ[:[ � WYa.s¬lo_YaZ³ ¦ u?[:d:]Vs /<tmg0gpU�_nl�spWYtzd:a0v�[:d^]JspW`tzd}XLU�a 0 W`b�c:v�U�_YX:U�a¤X:Uk�Sd:W`U�g0s\� ~��
~���� [:_Ya.g&lo[ � W`a.sDX:Ukg,uAgpt � lmixlosptog

Dµν
XLlmc:U�g,izU�izU�{|U�d#lm_Ya
	

Dµν(~p) = 〈Ãµ(~p)Ãµ(−~p)〉 �w� � × �
� W`U�g0{|U�W:{|U��\U�WYb&c:d:U

Ãµ
XLW`U,qLtz[^gpWYUkg0s0g&lmd:a0v�tmg � WYUkg0spU,X:U\a 0 W`b�c:v�U\_`XLU�a

Aµ
�x��Ukg?uAgpt � lmizlosptmg?WYa.s � Ukg?��U��Ld:W`spW`tzd�U�WYb&c ¦

lo{LcL md:izW`i:� ~ d XLW`U\a0Ukg�¢Dg0{|U\Whs��,[^gpX:U#X:WYU �Nlmd:XLlm[ ¦ 0 WYb&cV[Ld:iªizUk�! mc:_`s\�?XLlrX:WYU�a0Uy]xt°�mlogpWYlmdxspU 0 WYb&cV[:dLiªWYd �^WYU�_YU�d
� dxspUkgpa0[Lb&cV[:dLimU\d �xtzd 0 W`b�c � gpt � lmixlosptogpU\djW`d
� 0 �Z�^�z� 5���® × (°± ® × ¯�±²® ×�� ±²�^[:dLX
���¨�Z�^�m� 5���® ��� ± ® � �k± ® � ³�± ® � 3�±²�J�xUkg0��U�d ¦
X:Uks��,[:gpX:Um�L¢<[:v'X:U � ­<Whs0spU�g�WYa.s,X:WYU�a0U 0 WYb&cV[Ld:i�X:[:gpb&c#X:WYU)�8W`dLW � WYUkgp[:d:i�XLU�a 0 W`b�c:v�[:d^]JspW`tzdLlm_Ya G izU�izUk{|U\d

G[α] =
∑

n,µ

cos(θn,µ − αn,µ + αn+eµ,µ) → max �w� � � �

¢<[:a�X:U�g,d:tms���U\d:X:WYimU\d#qLtmgpX:Ukgp[Ld:i
δG[α]

δα(n)
= 0

v�tz_Yims
∑

µ

[sin(θn,µ) − sin(θn−µ,µ)] = 0 �w� � (z�
��WYU�aZU�dVspa � gpW`b�cxs�W � /DtzdxspWYdV[:[ � a0_YW � U\a

∂µAµ = 0
�/lm_`a0tfX:U�g �Nlmd:XLlm[ ¦ 0 WYb&cV[:dLi^�/¢<[:v�XLU � ­<Whs0spU�gZWYd X^gpU\W¨��W ¦

� U�d:a0WYtzd:U�d½�,W`gpX½XLUkgyuAgpt � lmizlosptmg#lmdLlm_`tzi ��[ �w� � × ��XLUk�Ld:WYUkg0s\����W`U ~ X:U�dVspWh�:]zlospW`tzd½X:U\a 0 WYb&c:v�U�_YX:U\a � W`syU�WYd:UkgU�dxspa � gpU�b&cLU�d:X:U\d8­<W`s0spUkgpimgp«m�zU�WYa.s,lm_Y_`U�gpX:W`dLima,d:WYb&cxs,U\W`dLX:U�[^spWYi:� ~�� eªU�W`spUkgpU\d �,W`gpXjXLW`UZTVW`dJ[:a ¦ ��logpa.spU�_Y_`[Ld:i � �m�É³ � �W`d � tJX:W`�L�\W`U�g0spUkg¤qLtmg � �xUkg0��U\d:X:Uks\�E��lyXLlma 0 WYb&cLv�U\_`X
Ax,µ

lm[:v�X:U � ­<W`s0spUkg¤X:[:gpb&c �EWYd^]^a�gpU � g& ma0U\dxspW`U�g0s)�,WhgpX5�
X:WYU�dxs,X:WYU)�8U\d:izU {x | x = n+ 1

2eµ}
lm_`a�a0U\W`d#dLlosp�^gp_YWYb&c:U�g ¡ g& mimU�g\�

An+ 1
2 eµ,µ =

1

qa
sin(θn,µ) =

√
β

a
sin(θn,µ)

¢<_`_YUkgpXLW`d:iza¨�xUkg0]x«mg � Ukg0s�X:UkgD­<Whs0spU�g&lo{La.s&lmd:X
a
]zU\W`dLU�d X:Ukg,TJW � [:_nlospW`tzd XLWhgpU�]Vs��\[:ix md:iz_`WYb&c:U\d u>log&l � UkspU�g\� 0 a?�,W`gpX

XLlmc:Ukg,XLW`U�{LWYaDlo[LvNX:U\d ! tmgpvwl�]Jsptmg, ��V[:W`�mlm_YU�dxspU ~ X:U\dxspWh�L]mlospW`tzd

An+ 1
2 eµ,µ = sin(θn,µ)
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�xU�g0��U�d:X:U�s\�m¢<[LvSX:U � ­<W`s0spUkgAW`a.s?XLlma/v�tz[^gpWYUkg0s0g&lmd:a0v�tog � WYUkg0spU\d 0 W`b�c:v�U\_`X�X:[^gpb&c�X:U\d�v�tz_YimU\d:X:U\d�¢<[:a0X^gp[:b&]ZizU�izU�{|U�d

Ã~k,µ =
1√
L3

∑

n

e2πi
P3

ν=1

kν (nν+ 1
2

δνµ)

L An+ 1
2 eµ,µ

��Ukg � U�WYd:c:U\WhspU\d:_Ytma0Uo�¨u?c:tmsptmd � gpt � lmizlosptmg���W ��~���� [:_Ya.g&lm[ � UkgpizW`{:s,a0W`b�c#XLl � W`sDdLlmb&c �w� � × �¨lm_Ya

Dµν(~p) = 〈Ãµ(~k)Ãµ(−~k)〉
��W`UZ­<Whs0spU�gpW ��� [:_Ya0U

pµ
cL md:izU�d � Whs,XLU�d#ixlodL���\lmc:_YWYimU\dyqLtz[^gpWYUkgpW ��� [:_Ya0U�d

kµ
�,W`U)v�tz_Yims,��[:apl ��� U�d��

pµ(kµ) =
2

a
sin

πkµ

Lµ
, kµ ∈ {0,±1, . . . ,±Lµ

2
}

~�� qSlm_Y_'U�WYd:U�a)T %Ja.spU � aD{|U\W ¡ U ��� U�g&losp[^g�dV[:_Y_ � iz_`U\W`b�c:U�­<W`s0spUkgp_n md:izU�d8WYdf��U\Whsp_YW`b�c:Ukg�[Ld:X8g& o[ � _YWYb&c:U�g�¥,WYb&cVsp[:d:iJ�WYa.s¤X:U�g)uAgpt � lmizlosptmg¤W � /DtzdxspWYdV[:[ � a0_YW � U\a)gptms&lospWYtmdLa0W`dx�zlogpWYlmdxs\�EX�� c��5U\W`dLU�qL[Ld^]JspW`tzd}X:U\a ~���� [:_Ya.{|U�s0g&loizU\a��E��Ukg
lm_Y_`izU � U\W`dLa.spU)¢<d:aplosp��v��^g,U�WYd:U�dygptms&lospW`tzd:a0WYdx�zl�gpWnlmdxspU�d#[:d:XygpU�U\_`_YU�d ¡ U�dLa0togD�k��U\WhspU�g�Txsp[:v�U

Dµν
W`a.s

Dµν(~p) = Pµν(~p)D(p2) +
pµpν

p2

F (p2)

p2
�w� �´¯z�

��Ukg�s0g&lmd:a.�xUkgpaplm_YU)u/gpt *RU�]VspWYtzd:a0t � Ukg&losptmg
Pµν

WYa.s,X:[^gpb&c

Pµν = δµν − pµpν

p2
�w� � � �

izU\imU�{|U�d#[:d:Xy{|U�a0W`sp�ks\�:�,WYU � lmdy_YU�WYb&cVs,dLlmb&c � gp�Lvns\�LXLW`U 0 WYimU\d:a0b&cSlov�spU�d
PµνPνλ = Pµλ, Pµµ = d− 1

��W`U?s0g&lodLa.�zU�gpaplm_`U\d � D �|[Ld:X¤_YtmdLimW`sp[:X:WYdLlm_YU�d � F �|a.]mlm_YlogpU\d�Txs0gp[^]Jsp[^gpv�[:d^]JspWYtmdLU�d¤_Ylma0a0U�d¬a0WYb&c¬lm[:a'X:U � uAgpt � lmixlosptog�,WYU�v�tz_`ims,c:U�g&lm[:a � gpt *.W`�\W`U�gpU�d��
F (p2) =pµDµν(~p)pν

D(p2) =
1

d− 1
Pνµ(~p)Dµν(~p) =

1

d− 1

[
Dµµ(~p) − F (p2)

p2

]

¢<_Ya>qLtz_YimU!X:UkgAlm[:vLU�WYd:U � U�dLX:_`WYb&cLU�d�­<Whs0spU�g>dV[^g/dL mc:U�gp[:d:iza.��U�WYa0U!U�gpv��:_Y_`spU�d¬¥Dtos&lospWYtzd:a.�mlogpWnlodL�¨a.s0gpU\[:U�dZX:WYU,Txs0gp[^] ¦
sp[:gpv�[:d:]VspWYtzd:U�d�v��^g/{|U�dSlob�cx{Slog0spU ~���� [:_Ya.{|Uks0g& mizU � ¢D{:{SW`_YX:[:d:i � � � �&�m¢<[La/X:U � ! Ukgpiz_`U\W`b�c¬�xtzd �w� �´¯z�N[:d:X �w� � � � � W`s
�w� � � ��W`a.sZUkgpa0WYb&cxsp_YW`b�c��'XLlma0a¬XLUkg¬uAgpt � lmixl�sptmg¬XLUkg¤gpU\W`d:U\d 0 W`b�cxspc:U�tmgpWYU�W � /DtzdxspWYdV[:[ � WYd©X:U�g �Nlmd:XLlm[ ¦ 0 WYb&cV[Ld:i
s0g&lmd:a.�xU�gpaplo_E[:d:X � loa0a0U\_`tza,WYa.s\�LX�� c��

F (p2) = 0, D(p2) =
1

p2
�w� �n� � �

0 gpa.spU�gpU 0 W`izU\d:a0b&cLlmv�s)�,WhgpXªW`d}XLUkg �Nlmd:XSlo[ ¦ 0 WYb&cJ[:d:i�izU�d:U�gpU�_Y_/U�g0�!log0spUks\� ~�� qSlm_Y_AX:U�a¤lo{|U\_`a0b�c:U�d � WYizima � tJX:U\_`_Ya
WYa.s¨XLW`U,s0g&lmd:a.�xUkgpaplm_YU�Txs0gp[^]Jsp[^gpv�[:d^]JspWYtzd�lo_Y_YUkgpX:WYd:iza¨d:WYb&cxs � U\c^g?�xtzd�tm{LWYizUkg¨U\W`dLv�lmb&cLUkg�­<U\a.s&lm_hs\� 0 a?�,[:gpX:U<loX�c:tJb
v�tz_`izU\d:X:Ukg § [:apl ��� U\d:cLlmd:i�lmd:izU�d:t ��� U�d

D(p2) =
Zm2α

β(p2(1+α) +m2(1+α))
+ C �w� �n�m���

� Æ�Ç��NÐ�Ç�¿²¾ÉÇ�·�·�»�Å²º.¾ÉÇ�Ã°º.¾ ¿²º.Ç,Âk¾ÉÈ ¿5Åw¿²Ä�¿À¿²¹�º.ÅÀÅ²º.Ç
DC

µν = β/a Dµν

Ö
	 D'¾ÉºAÊ\º.¾ ¿²ºRÇ�È�
kÇ�Â�º.ÇD¹�ºRÁEÌmºR¿²ÁÀÄ�Ó�Ãk¿²ºR¿²º.Ç�¼'¾ ¿À¿²º.Á�Å²ºR¾Éº.Ç<Â�ÄkÇ);C;.ÄkÃ�ÈÉ¾ÉÂ°Ö
� ¶N·�¸hÂkÁÀ·°Ç�¹�¹�ºRÁ�
5Ð�¿²Ä&¿²¾ÉÐkÇ�ÅÀ¾ÉÇ�9pÄkÁÀ¾ÉÄ�Ç);'¹�º.ÁNÊ�¿²ÁÀ·�Ík¿²·�ÁÀ¸h·�Ç°Í�¿²¾ÉÐ�Ç�º.Ç�Å²º.¾

~p
º.¾ÉÇ<Ìmº.ÈÉ¾Éº.Ì�¾ÉÂ�º.Á�Æ�»!Ï�·�ÈÉÅ 9kº.Ík¿²ÐkÁ5»�¾ ¿

~p2 = p2
Ö
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��WYU�a0Ukg¨¢<d:aplosp�,{|U\W`d:cSlo_`spUks?�^WYUkg¨q>Whs � log&l � UkspU�g\� 0 g?�,[^gpXLU�{�UkgpU�W`spa?Ukgpv�tz_`imgpU�WYb&c lmd:izUk��U\d:X:Uks¨[ � X:U�d�u?c:tmsptmd � gpt ¦
� lmixl�sptmgDXLUkgDgpU�WYd:U�d

U(1)
0 WYb&cxspc:U\tmgpW`U�® × �k±N[:d:X�XLU�d#uAgpt � lmixlosptog<W � �Etzd:X:tzd �NW � U�aDX:U\a<l�{�U�_Ya0b&c:U\d � W`iziza � t ¦

X:U�_Y_Ya>��[¬{�U�a0b&c:gpU�W`{|U�dj® ×�� ±²���<c:d:_YWYb&c:U�¢<dLap �sp�\U¨�,[^gpX:U\dZW`dy® � � ± ® � �k±^�\[^g �¨cLlog&lo]VspU�gpW`a0WYUkgp[Ld:i<XLU�a?­<_Y[:tzd � gpt � lmixlosptmg
�xUkgpv�tm_Yims\�:��U�d#q>W`s � log&l � U�spUkgpdj]zlodLdyv�tz_YizU�d:X:U$5!U�X:U\[^sp[:d:i���[LimU��,W`U\a0U�dy��UkgpXLU�d��

• Z
WYa.s,X:Ukg,¥DU�d:tmg � lm_`WYa0W`U�gp[:d:iza0vwl�]JsptmgDX:U�g�eªU�_Y_YU�d:v�[:d^]JspWYtmd

• m
X:WYU)�flma0a0U)X:U\a�uAgpt � lmixl�sptmgpa

• α
X:WYU¤lodLt � lm_YU���W � U�d:a0WYtzd

• C
a.spU\_`_`s,U�WYd:U�d /Dtzdxs&lo]Js0spUkg � XLlog\�

e½WYU}WYd ® × �k±¤imU\��U\W`ims\��a.spW ��� s8X:Ukg��flma0a0U�d � log&l � U�spUkg � Whs8X:Ukg�u>tz_ %Vlo]xt°� ¦ �� mc:U�gp[:d:iÒ®4(\±¤v��^g8X:W`UªX:[:gpb&c XLlma
�8tzd:t � tz_ ¦ ¢<dVspW � tzd:t � tz_�u?_nloa � l Ukgp�\U�[:imspU�d���U�{ %xU ¦ �flma0a0Uª�^{|U�gpU�WYd�����Ukg�u>log&l � UkspU�g

C
U�dVspa � gpW`b�cxs�U�WYd:Ukg

δ
¦

log0spW`izU�d /Dtzdxs&lo]Js���U�b&cLa0U�_`�,Whg0]^[:d:i�[:d:X#cLlos�]xU�WYd:U�d#_nlmd:imgpU�WYb&cx��U\WhspWYizU�d 0 W`d ,S[:a0a��

����� ���¤"������ �"!�$�#%$j  &y$k�('
�y"�)
��lmb&c:v�tz_`izU�dLX:U 0 gpimU�{Ld:WYa0a0UD{�U���WYU�cLU�d a0W`b�cjlm[:v5XSloa � W`iziza � tVXLU�_Y_ WYd X:Ukg!v�[:d:XLl � U�dxs&lm_YU�dj��logpa.spU�_Y_`[:dLi

Q = 1
� W`s

β = 2.0
[:dLXrv��^g)X:WYU��V[Llog0spW`a0b�c:U TVU�_`{La.s0]xt �:� _Y[:d:i

λ = 0.02
� ¡ % � WYa0b&c:U�g0��U�WYa0U��,[^gpXLU�lm[:v

403 ­<W`s0spUkgpdrizU � U\a ¦a0U�d���5!U�W/lmd:X:UkgpU\d©TVU�_`{La.s0]xt �:� _Y[:d:izU�d}[:d:XrWYdrX:U�g��)l�gpa.spU\_`_Y[:d:i
Q = 2

�,[^gpX:U�XLlma0a0U�_`{|U �x[Slo_YW`s&l�spW`�xU ! UkgpcSlo_`spU�d
v�U\a.spizU�a.spU�_Y_`s\�
*,+ � +0- * ; M<B ; �(+ OyQ.ILK � M = � M<B 1½QR4 ; I +-,�@ 4LQ.M = H
��WYU 0 WYb&c:�-1^W`U�gp[:d:i �w� � � ���,W`gpX � g&l�]JspWYa0b&c�gpU\lm_`WYa0WYUkg0sª® × �k±²® � � ±)lm_Ya#¢D{Lv�tz_YizU/.103234�.6587 0 W`b�cxs0g&lmd:a0v�tmg � lospW`tzd:U\d�W �v�tz_YizU�d:X:U\d#TVW`dLd:U �^��WYUD{|U��\�:iz_`WYb&cjU�WYd:U�a,­<W`s0spUkg � _nlosp��U�a

n
_`tm]mlm_YU�d ¡ g&lodLa0v�tmg � lospW`tzd:a0v�U�_YX:Ukg

αm
{|U\a0Whsp�\U�d X:WYU<qLtmg �

αm = ηωδn,m

0 W`b�c ¦ [:d:X � WYiziza0v�U\_`X:U�g!s0g&lmd:a0v�tmg � WYUkgpU\dja0WYb&c#XLlmd:dydLlmb&c � �o�43^���&� 0 a�a0U�W5��[:dS ob�c:a.s η = 1
�:X:W`U>5!U�XLU�[^sp[:dLi�X:WYU�a0U�a

! tmgpvwlo]Vsptmgpa¤lm_Ya�9D{|U�g0gpU�_nl 1^lospWYtzd:a � log&l � U�spUkg)�,WhgpX}��U�W`spUkg¤[LdxspU�d}{|U\a0b&c^gpWYUk{|U\d��
:zU�X:U 0 W`b�cxs0g&lmd:a0v�tmg � lospW`tzdª]mlmd:d
W`d#U�WYd:U¬TVU �V[:U�d:�)_`tm]zlo_YUkg 0 W`b�cxs0g&lmd:a0v�tmg � lospW`tzd:U\d#��Ukgp_YU�ims���UkgpX:U\d��:�)loa *.U�dLW`izU

ω
{�U�W�X:U � XLlma 0 W`b�c:v�[:d^]JspW`tzdLlm_5WYd

U�WYd:U � _`tm]mlm_YU�d}q>W 1^WYUkgp[:d:iza0a0b�c^gpWhs0s � l 1JW � lm_/U�gpc:«zcxs��,W`gpX��E_Y ma0a.s¤a0WYb&c}_YU�WYb&cxs¬lm[:a$5!U\X:W`dLim[Ld:i �w� � � �,{|U�a.spW ��� U\d��
0 W`dy_Ytm]mlm_YUkg,q>W 1^WYUkgp[:dLima0b�c^gpW`s0s � l 1^W � WYUkg0s,_Yto]zlm_�XLlma 0 W`b�c:v�[Ld^]JspW`tzdLlm_

G ; <8= (ω) =
∑

µ

(
cos(θn,µ − ω) + cos(θn−eµ,µ + ω)

)
→ max

= cos(ω)
∑

µ

(
cos θn,µ + cos θn−eµ,µ

)
+ sin(ω)

∑

µ

(
sin θn,µ − sin θn−eµ,µ

) �w� �Y�°³x�

��WYU�qLtmgpX:U�gp[:d:i ∂
∂ωG ; <8= = 0

UkgpizW`{:s,a0b&c:_YWYUk�x_`WYb&c

tan(ω) =

∑
µ

(
sin θn,µ − sin θn−eµ,µ

)
∑

µ

(
cos θn,µ + cos θn−eµ,µ

) �w� �Y� 3x�
��WYU G ; <8= � l)1^W � W`U�gpU�d:X:U$�N«za0[:d:i�WYa.sDU�WYd:X:U�[:spW`i � tJX:[:_Yt 2π

�
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��UkgAimgp[:dLX:_`U\izU�d:X:U�¢D{L_nlo[LvSX:U\a 0 W`b�c^�-1^W`U�gp[:d:izaplm_`iztmgpW`spc � [:aA{|U�a.spU\cxs/WYd�X:U�gAa0[^]^��U�a0a0W`�xU�d�¢<dx��U\d:X:[:d:i)_`tm]zlo_YUkg
0 WYb&cxs0g&lmd:a0v�tmg � l�spWYtzd:U�d5�o{LW`a/a0W`b�cZXLlma 0 WYb&c:v�[:d^]JspWYtmdSlo_^[:dxspU�g>W`c:gpUkg>e½W`g0]^[:d:i�d:WYb&cxs � U�c^g>��U\a0U�dxsp_YW`b�c� md:XLUkg0s\� 0 W`d:U
izU\dLlm[:U 5!U\a0b&c^gpU\Wh{L[Ld:irX:U�a�¢<_YimtmgpW`spc � [:a��Ld:X:U�s�a0WYb&c W � dS ob�c:a.spU�d ¢D{La0b&cLd:Whs0s\� 0 a�W`a.s�d:WYb&cxs�ixlog&lmdxspWYUkg0s\�>XLlma0a
XL[^gpb&c�U�WYd:U�qLtz_YimU�_Ytm]mlm_:t � spW � lm_`U�gAq>W 1^W`U�gp[:d:iza0a0b&c^gpW`s0spU,U�WYd�iz_Ytm{Slm_`U\a/�fl 1^W � [ � X:U�a 0 W`b�c:v�[Ld^]JspW`tzdLlm_Ya/s&lospap ob�c:_YW`b�c
U�g0gpU�WYb&cxs)�,W`gpX}tVXLUkg)U�g0gpU�WYb&cx{ l�g¬WYa.s\� 0 a)izW`{:s��xU�gpa0b&c:WYU�X:U\d:U�¢<dLap �sp�\U�U�WYd:U � X:U�g&l�g0spWYizU�d}�fl 1^W � WYUkgp[:d:iza � gptm{L_YU �
WYd#c:tJb&c:XLW � U�dLa0W`tzdLlm_YU�d#¥< o[ � U\d#��[y{|U�izU\imdLU�d��
0 W`d:U��8«ziz_`WYb&c:]zU\Whs!{LW`U�spUks!X:WYU 9D{|U�g0gpU�_nl 1^lospWYtzd � 0 � 5 787�5�.14��-4���� 0	�^�&�J��[^gpb&cjX:W`U<e©lmc:_ �xtzd η ∈ (1, 2]

�,W`gpX d:WYb&cxs
XLW`U}_`tm]zlo_�t � spW � lm_`U 0 WYb&cxs0g&lmd:a0v�tmg � l�spWYtzd½�xUkg0��U\d:X:U�s\�!¢<[Lv)X:WYU�a0UreªU\W`a0UrU�gpc:«zcxsya0WYb&c�tzv�syX:WYU</<tmdV�zU�gpizU�d:�\imU ¦
a0b�cx�,WYd:X:WYio]xU\WhsDX:U�a�¢<_YiztmgpWhspc � [:a)® �z× ±À� § [:X:U � �,W`gpXjXLlma�qSU�a.spa0Uksp�\U�dyW`d#U�WYd:U � _Yto]zlm_`U � �fl 1^W � [ � WYdyizUk�,WYa0a0U �
�<� vwlmd:i¬�xUkg � W`U\X:U�d5�STVb�c:d:U�_Y_Ya.spU	/Dtzdx�xUkgpizU\d:�D�,[:gpX:U�v��^g

η ≈ 1.8
Ukgp�\W`U\_hs\�^X:W`U\a!X:U�b&]Vs�a0W`b�c � W`s!X:U\d 0 gpizUk{LdLW`a0a0U\d

lm[:a ® × �k±²�Eq>�^g¬X:W`U�e©lmc:_
η = 2

{L_YU�W`{:s¤XLlma 0 WYb&cLv�[:d:]VspWYtzdLlm_/WYdx�zl�gpWnlmdxs\� ~�� eªU\WhspU�gpU�dr�,WhgpX©lm[:a¤¢<dLlm_`tzizW`U � W`s
T � W`U\izU�_Y[:d:iza0a0b&c^gpW`s0spU�dyWYdj�8tzdxspU ¦ ��logp_`t�¢D]Jsp[Llm_`WYa0W`U�gp[:d:iza.�xUkgpvwlmc^gpU�djX:WYU�a0U�g�qSlm_`_5lm_Ya � W`]Jgptm]mlmd:tzd:WYa0b&cj{|U��\U�WYb&c:d:U�s\�
tm{V��tzc:_|c:W`U�g�a.s0gpU�d:izizU�dLt ��� U�d�]zU\W`dLU,e�Whg0]^[:d:i¬a0tmdLX:Ukgpd U�WYd 0 WYb&cLv�[:d:]VspWYtzdLlm_L]xtzd:a.s&lmdxs¨{L_YU�W`{:s\�J��WYU,�f«miz_YW`b�c^]xU�W`s
XLUkg ! Ukg0��U\d:X:[:d:i � Wh]Jgptm]mlmd:tzd:WYa0b&cLUkg q>W 1JWYUkgp[Ld:iza0a0b&c^gpW`s0spU��,[^gpX:U8WYd7X:WYU�a0U�g ¢Dg0{�U�W`s � W`d3Uks��!lma lo{LizUk�!lmd:X:U\_hspU�gqStmg � ��Ukgpa.s � lm_YW`i�lo[La0imU\dV[^sp��s\�

~ d:X:U � XLUkg)q>W 1^WYUkgp[:d:izaplm_YimtmgpW`spc � [:a¬lo[Lv?�zU�gpa0b&c:WYU�XLU�d:U�U�WYb&cS  �V[:W`�mlm_YU�dxspU Txs&log0s0]ztzd^�Sim[:g&l�spWYtzd:U�dªlmd:izUk��U\d:X:Uks
�,W`gpX��^X�� c��:lm[:vEX:WYU<[^gpa � gp�Ld:iz_`WYb&c:U\djqSU�_YX:Ukg�tVXLUkg�lm[:v

NG
/Dt � WYU�djX:U�g�[^gpa � gp�:d:iz_`WYb&cLU�dyqLU�_YX^]xtzd^�Liz[^g&lospWYtmdLU�d��:X:W`U

XL[^gpb&cj�m� 5<�V�\[:vwlo_Y_Ya.{|U�a.spW ��� spU 0 WYb&cxs0g&lmd:a0v�tmg � l�spWYtzd:U�dylm[:a0U�WYdLlmd:X:U�g�c:U�g0�xtogpizU\c:U�d��J]mlmd:d�XLlma��fl 1^W � WYUkgp[:d:iza � gpt ¦
{S_`U � ��U�W`spUkg�U�dxspa0b�cL ogpvns���U�gpX:U�d5� ~ d X:WYU�a0U � q lm_`_!�! ocL_hs � lod XLlma *RU\d:WYimUy�fl 1^W � [ ��� Whs�X:U � iogp«m�zspU�d 0 W`b�c ¦
v�[:d^]JspWYtzdLlm_?lm_Ya¬im_Ytm{Slm_`U\a¬�fl 1JW � [ � �'��U � _YWYU�ims¬X:WYU�¢<d:dLlmc � U���[:imgp[:dLX:Um�'XLlma0a¬a0WYb&c©U�WYd:U�tJX:Ukg¬W � im�Ld:a.spW`izU\d
q lm_`_ � U\c^gpUkgpU#Txs&log0s0]xtzd^�Liz[^g&lospW`tzd:U\d W � ¢!s0s0g&lo]JspWYtmdLa0imU�{LWYUksZU�WYd:U�aZiz_Ytm{Slm_`U\d �fl 1^W � [ � aZ{|U��Ld:X:U�s\�'��WYU�eªU�g0spU
dLW`b�cxs�U\W`b�c:WYdx�mlogpWnlodVspUkg�.,{La0U�g0�mlo{L_YU�d W � {|U�a.spU\d izU�v�[:d:X:U\d:U�d �fl 1JW � [ � cL md:izU�d {|U�W�[:d:izU�dJ�:izU�d:X:U�g �D[Slo_YW`s& �s
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�xtmg\�LTVt � W`s!a0W`dLX���U�a0U\dxsp_YW`b�c���U�dLW`izUkg!u/lzl�gp[Ld:izU�d � «ziz_`WYb&c5� § [:X:U � W`a.s!XLlma�im_Ytm{Slm_`U��fl 1^W � [ � lm[:vEX:U � �<Wh�xU\lm[
XLUkg)��Whg&lmb ¦ TVs0gpW`d:izX:WYb&cVspU�d}WYdr�^W`U\_`U\drq/ m_Y_`U\drU\W`d:XLU�[^spWYi:�5��W`U�t � spW � lo_YU�u/lmlogp[:dLij�,W`gpX}X:[:gpb&c}X:WYU���W � tz_`a.s0gp[^]Jsp[^g
{�UkgpU�W`spa'W ��� _`WY��WYUkg0s\�m��WYU�a0U�a
5�WY_YX¬Ukg0]^_n og0s\�°��U\a0cLlm_h{�U\a'WYdZX:Ukg>a % ��� Uks0gpWYa0b&c:U\dZu?cLlma0U�W � ! Ukgpiz_YU�WYb&cZ��[^g � WYimiza � cSloa0U
a0t�a0b&cx�,WYUkgpWYi�WYa.s\�^U�WYd iz_Ytm{Slm_`U\a!�fl 1^W � [ � X:U�a 0 W`b�c:v�[:d^]JspW`tzdLlm_YU�a!��[ �Sd:X:U�d5�:��W`U	/Dt ��� _YU 1^W`s& �s�X:WYU�a0U\a!u/gptm{L_YU � a
WYa.sD�xUkgpiz_`U\W`b�cx{Slog � W`sDX:U � ¢<[ ��d:X:U\dy�xtzdr­Dgp[:d:X:�\[:a.s& md:X:U\d�W`drT � W`d:iz_n ma0Ukgpd�� ¢<_`_YUkgpX:WYd:izaDa0W`dLX#��U�W`spUkgpUZTxsp[:XLW`U\d
dL«ospWYi:�L[ � X:W`U\a0U�a�TV��U\dLlogpW`t��\[yU�gpcL og0spU�d��:�^iz_w�LW`dLa.{|U�a0tzd:X:U�gpU�® × �k±E[:dLX}® � (°±À�

*D+ � + � 1½254;:�Q � Q�2E4 � M = H ; G = 9A4SQ @ K � � H
��Ukg,¢<_YimtmgpW`spc � [:a,WYdya0U�WYd:U�g,U\W`d:vwlmb&c:a.spU\d#qLtmg � {|U\a.spU�cxsDlm[:a,v�tm_YizU�d:XLU�dyimgp[:d:XL_`U\imU\d:X:U\d8TJb&c^gpW`s0spU�d
�m� 0 gp�\U�[:izU�drdLU�[:U�g � ]xtzdxspWYdV[:WYUkgp_YW`b�c:Ukgk�DqSU�_YX:Ukg¤lm[:a�XLU�drtmgpW`izWYdLlm_`U\drqLU\_`X:U�gpdf{L�k�)�5X:[^gpb�cr¢<dx��U\d:X:[:dLiyU�WYd:Ukg§ [:vwlm_`_Ya0U�WYb&cxs0g&lmd:a0v�tmg � l�spWYtzd��
³J��¢<dV��U�d:X:U\dy_Yto]zlm_`U�g 0 W`b�cxs0g&lmd:a0v�tog � lospWYtmdLU�d � η ∈ [1, 2]

�¨lm[:vNX:WYU�d:U\[:U�dyqLU\_`XLUkg,a0[^]^��U\a0a0Wh�xU�{|U��\�:iz_`WYb&c *RU\X:U�a
­<W`s0spUkg � _Ylosp��U\a��N��WYU�e�Whg0]^[:dLi8lm_Y_`U�g 0 WYb&cxs0g&lmd:a0v�tmg � l�spWYtzd:U�d©�,W`gpX©WYd©U�WYd:UkgZU\W`d:�\W`izU\d 0 WYb&cVs0g&lodLa0v�tmg � lospW`tzd
Gi

lo[Lv�a0[ ��� WYUkg0s\�
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3V�#5!U�U�dLX:U�d��La0tzv�U�gpd#X:W`U��<d:X:U�gp[:d:i�XLU�a 0 W`b�c:v�[:d^]JspW`tzdLlm_Ya�[LdxspUkgDU�WYdj]JgpWhspWYa0b&cLU�dyeªUkg0s,vw m_`_`s\�
� � NG

� lo_ � 5!U�izWYd:dj{|U\W/���&�Llmd:a0tzd:a.spU\d��S��W`U *RU\d:WYimU��xtzd#lm_`_YU�d 0 WYb&cxs0g&lmd:a0v�tmg � lospWYtzd:U�d
Gi ∈ {1, . . . , NG + 1}�! mc:_`U\d��LX:WYU��\[ � imgp«m�zspU�d 0 WYb&c:v�[:d^]JspWYtzdLlm_5v��Lc^g0s\�

�<[:d©]z«zd:dLU�d U�WYb&c:WYdx�mlogpWnlmdxspU .D{La0Ukg0�zl�{S_`U\d©izU � U\a0a0U�d©��U�gpX:U�d��>��log&lmd lmd:a0b�c:_YW`U\a0a0U�d:X �,WhgpX X:Ukg��8tzdxspU ¦ ��logp_Yt ¦
¢<_`iztmgpW`spc � [:a�v�tmg0spizU�a0Uksp��s\�
0 WYdª¢<_YimtmgpW`spc � [:a��NX:UkgZX:W`U\a0U � TVb�c:U � l�a.s0gpU�d:i�v�tz_Yims\�5�,WhgpX©W � e©U�W`spUkgpU�d©lm_Ya)gpU�WYd}]xtzdxspWYdV[:WYUkgp_YW`b�c:UkgZq>W 1^WYU ¦

gp[:d:izaplm_`iztmgpW`spc � [:a,{|U��\U�WYb&c:d:U�s\�L��WYU 0 WYb&c^�-1^WYUkgp[:dLi � W`s,]ztzdxspWYdV[:WYUkgp_YWYb&c:U\dy]xt �Z� l�]JspU\dyqSU�_YX:Ukgpd�W`a.sDa0U�c:g,�\U�W`s&lo[Lv ¦
�! md:X:WYi^� ~�� TJW`d:dLUDU�WYd:U\a�  �V[:W`�mlm_YU�dxspU\d��^l�{�Ukg¨a0b�c:d:U\_`_YUkgpU\d�¢<_YiztmgpWhspc � [:a¨�,[^gpX:U\d�WYd�X:WYU�a0Ukg!¢Dg0{|U\Whs � U�c^gpU�gpU ! Ukg ¦
{|U�a0a0U�gp[:d:izU�drU\W`dLimU\v��Lc^g0s\����WYU ~��Z� _`U � U\dxs&lospW`tzd:U\df�,[:gpX:U�df{|U\a0tzd:X:Ukgpa�WYdrX:Ukg)a % ��� Uks0gpWYa0b&c:U\dru?cLlma0U�izUkspU\a.spUks\�
XLl X:WYU�a�XLW`UZ{|U��\�:iz_`WYb&cr�fl 1^W � WYUkgp[:d:ijXLU�a 0 W`b�c:v�[Ld^]JspW`tzdLlm_Ya<]JgpWhspWYa0b&c:U�¥,U\imWYtzdfXLlogpa.spU\_`_`s\� § [:dS ob�c:a.s��,[^gpX:U\dfX:WYU
¢<[:a.�,W`g0]J[Ld:izU�d�X:Ukg 0 WYd:a0b&c:g& od:]J[Ld:i)XLUkg'�EWYd^]J�mlogpWnlo{L_`U\d�lo[LvSX:WYU�X:WYa.]JgpUkspU � dVspUkgpimgp[ �:� U��

N ⊂ U(1)
[:dxspU�gpa0[:b&cVs\�

� WYUkg0{|U\WE��UkgpX:U\d �NW`d:]V�,WYd^]xU�_'[:d:Xfv�tz_Yim_YWYb&cflm[:b�c8X:WYU 0 WYb&cxs0g&lmd:a0v�tmg � l�spWYtzd:U�drlm[:v/X:WYa.]JgpUkspU¤eªU�g0spU ∈ � N
l�{ ¦

izUk{LWY_`XLUks\� ��WYU¬��W`a.]JgpU�spW`a0WYUkgp[:dLi�{SW`U�spUks<X:U�dfU�dxspa0b�c:U�WYX:U�dLU�d ! tmg0spU�WY_w� XLlma0aD]xtza.spa � WYU�_YW`izUm� s0gpWYimtzd:t � Uks0gpWYa0b&cLU¬qL[Ld^] ¦
spW`tzd:U\d WYd �w� �n� 3z�)dLW`b�cxs � U�c^g��xUkg0��U\d:X:UksZ��U�gpX:U�d � �:a0a0U\d��¨Txs&los0spX:U\a0a0U�d©��U�gpX:U�d v��^g�lo_Y_YU N 5�U\_`U\iz[:d:izU�d XLUkg
X:WYa.]VgpU�spU�d<�NW`d^]J�,WYd^]xU�_/X:W`U�eªUkg0spU�X:WYU�a0Ukg)qS[:d^]JspW`tzd:U\drU\W`d � lm_/�\[<5�U\izW`d:drXLU�a�uAgptmimg&l ��� U�a�{�UkgpU�b�c:d:U�s�[Ld:XrWYd
U�WYd:Ukg ¡ lo{|U�_Y_YU)lo{LizU�_YU�ims\�
0 WYd:U���U�W`spUkgpU 5�U\a0b&c:_YU�[Ld:W`iz[:dLiy�,[^gpX:U�XL[^gpb&c©U�WYd:U�uAg& ma0U�_YUk]JspWYtmdªU�gp��WYU�_`s\�5��WYU ~ XLU�U�{�U�a.spU�cVs¤XLlogpWYd��

NG + 1X:WYa.]VgpU�spU¬q>W 1JWYUkgp[Ld:iza.�zU�gpa0[:b&cLU�X:[^gpb�c:��[:v��:c^gpU\d��5lm_`_YUkgpX:WYd:iza�dV[:g<{LWYa��\[ � 0 g0gpU�WYb&cLU�dfU�WYd:Ukg�a0b&cV�!lob�c:U�dr¢D{L{:gp[:b&c ¦
imgpU�d:�\U � ξP �&�S��lmd:dy�,W`gpX�X:WYUC*.U�d:WYizU 0 WYb&cxs0g&lmd:a0v�tmg � l�spWYtzd��SXLW`U¤��[ � {LWYa0_Ylmd:i�imgp«m�mspU\d 0 WYb&c:v�[:d^]JspWYtmdSlo_Nv��Lc^g0s\� lo[Lv
X:WYU?[^gpa � gp�Ld:iz_`WYb&c:U�qLU\_`X:]ztzd^�Sim[:g&l�spWYtzdZlmd:izUk��U\d:X:U�s\�°¢<d:a0b�c:_YW`U\a0a0U�d:X¬��U�gpX:U�d¤XLW`U¨a0t<UkgpcLlm_`spU�d:U\d��°dLtVb�c¤d:WYb&cxs>U 1:lo]Js
U�WYb&c^� 1JWYUkg0spU\d�qLU�_YX:U�g\�zU�WYd:Ukg?��U�W`spUkgpU�d 0 WYb&c:�-1^W`U�gp[:d:i � Whs?U�WYd:U � cLlog0spU�d�¢D{:{:gp[:b�c^]JgpWhspU�gpW`[ � [:dxspUkgp�\tzimU\d��zX�� c��xX:WYU
Ukgp_nlm[^{:spU��<d:XLUkgp[:d:i¤X:U\a 0 W`b�c:v�[:d^]JspW`tzdLlm_YU�a¨W`a.s¨a0U�c:g?]^_`U\W`d5�x��U�g?uAg& ma0U�_YUk]JspWYtzd�_`WYU�ims¨X:WYU,W`dVsp[:WhspW`�xU ! togpa.spU\_`_Y[:d:i¬��[ ¦
imgp[:d:X:Uz�zXLlma0a>�! mc^gpU\d:X�XLUkgAuAg& ma0U�_YUk]JspW`tzd:a � cLlma0U�X:Ukg?¢<_`iztmgpW`spc � [:a/U\W`dLU!a � U\��WYU�_Y_`U�u/lzlogp[:d:i��xtzd��8tzd:t � tz_YU�d�[:d:X
¢<dxspW � tzd:t � tz_YU�d lm[:a.�! mc:_hs\� ~�� �k��U\WhspU\djTVb&c^gpW`s0s?�Sd:X:Uks�_`U\X:WYim_YWYb&c�U\W`d:UDqSU�WYdLlo{La.spW ��� [:d:iZa.s&los0s\�VX�� c5�x�ztmgpcLlmd:XLU�d:U
��W`g&lob\a0b&c:_YU�WYv�U�d���UkgpX:U\d U�dxspv�Ukgpdxs![:d:X �8tzd:t � tz_ ¦ ¢<dxspW � tzd:t � tz_ � lzlogpUD�xUkg0{SW`d:XLU�d:X:U���W`g&lmb�_YW`d:WYU�d � WYd:W � WYUkgpU\d WYc^gpU
�N md:izUm� 0 a¤U�gpa0b&c:U\W`dxs � _nlm[:a0W`{|U�_À�NXLlma0a¬XLlmc:U�g¬X:U � Ukgpa.spU\d TVb&c^gpW`s0s¬U\W`d:U�{|U\a0tmdLX:UkgpU 5!U�X:U\[^sp[:d:i��\[^]xt ��� s\�E�,WY_Y_
� lod#U\W`dyiz_Ytm{Slm_`U\a��fl 1^W � [ � X:U�a 0 W`b�c:v�[Ld^]JspW`tzdLlm_Ya!s&lospap mb&c:_YWYb&cy�Ld:X:U\d��
5!U�WYX:U ~ X:U�U\dy�,[^gpXLU�d#XLUkg&log0s,]xt � {SW`d:WYUkg0s\� XLlma0aDW`d�X:U�gDuAg& ma0U�_YUk]JspW`tzd:a � cLlma0U¤X:WYU)X:WYa.]JgpUkspU 0 W`b�c^�-1^W`U�gp[:d:i � Whs

U�WYd:U � 9D{�Ukg0gpU�_nl 1:l�spWYtzd:a � log&l � UkspUkg
ηP
U�WYd:izU�a0U�sp�ks'�,[^gpX:Uz��¢<dLa0b&c:_YW`U\a0a0U�d:XZ�,[^gpX:U�X:WYU¨XLW`a.]JgpUkspU 0 WYb&c^� 1JWYUkgp[Ld:i:�oX:WYU

XLlma�{SW`a0_nlmd:i�imgp«o�zspU 0 WYb&cLv�[:d:]VspWYtzdLlm_AUkgpixlo{5�EWYdªX:U�d 5!UkgpU\W`b�c
[−π, π)

lo{LizUk{LWY_YX:Uks¤[:dLX©lm[:v�X:W`U�¢<[La0izlmd:iza0v�U�_YX:Ukg
lmd:izUk��U�dLX:Uks\�m��WYU!izUk��tzd:d:U\d:U�dZ]xtzdxspWYdV[:WYUkgp_YW`b�c:U�d�qLU\_`X:U�g>�,[^gpXLU�d�dV[Ld�U\W`dLUkg 0 WYb&c^� 1JWYUkgp[Ld:i � W`sAU�WYd:U � 9D{�Ukg0gpU�_nl ¦
1:l�spWYtzd:a � log&l � UkspUkg

ηF
[:dxspU�g0��togpv�U�d5�:{LWYa�U\W`d#cLlog0spU�a�¢D{L{:gp[:b&c:]VgpW`spUkgpWY[ � Ukgpv��:_`_`s��!log\�L��WYU�a0U�g,¢<_YiztogpW`spc � [:a��,W`gpX

W � qLtz_YizU�d:X:U\dClm_`a�t � spW � WYUkg0spU�g 0 WYb&c^� 1JWYUkgp[Ld:izaplo_YiztmgpWhspc � [:a�{�U���U\W`b�c:d:U�s\� ~�� ! Ukgpiz_YU�WYb&c �\[ � ]xtmdVspW`dV[LW`U�gp_`WYb&c:U\d
¢<_`iztmgpW`spc � [:a�WYa.sDX:Ukg,t � spW � W`U�g0spU�¢<_YimtmgpW`s � [:a�U�s��!ly� � ¦²� lm_5a0b&cLd:U�_Y_`U�g\�
0 gpa.spU ¡ U�a.spaD��U\W`imspU\d���[:dL mb�c:a.s\�SXLlma0a<X:U�g<t � spW � WYUkg0spU¤q'W 1^W`U�gp[:d:izaplm_`iztmgpW`spc � [:a � W`s

N = 256
lo[Lv>U�WYd:U �

403­<Whs0spU�g�W � �fWhs0spU\_S�\[�U\W`dLU � izU�gpW`d:izU�gpU�d 0 W`b�c:v�[Ld^]JspW`tzdLlm_|v��Lc^g0spUm�Ve©[^gpX:U�d *.U�X:tJb�c
N = 65536

��WYa.]JgpUkspWYa0W`U�gp[:d:iza ¦
a.sp[:v�U�d �xUkg0��U\d:X:Uks\�Aa0tªUkgpixlo{|U�d t � spW � W`U�g0spUkg�[:d:X gpU�WYd ]xtzdxspWYdV[:WYUkgp_YW`b�c:Ukg�q>W 1^W`U�gp[:d:izaplm_`iztmgpWhspc � [La�W � ¥Dlmc � U�d
X:Ukg�a.s&lospW`a.spWYa0b&c:U\d�qSU�c:_YUkg�XLlma0a0U�_`{|U � l 1^W � lm_YU 0 WYb&c:v�[:d^]JspWYtzdLlm_w� ��WYU¬a � U��\W`U\_`_YU�d#e©Ukg0spU¤v�[^g

N
U�g0]J_n ogpU�d�a0WYb&cflm[:a

X:Ukg ~���� _YU � U�dVspW`U�gp[:d:i�X:U�g��
N
lm_`a � ¦ a0c:tmg0s,{S�k�)� � ¦ WYdxspU\imU�g § lmc:_YU�d�� ��W`U¤izU\dLlm[:U)e©lmc:_NX:Ukg<¢D{:{:gp[Lb&c^]JgpW`spUkgpWYU�d

cL md:ims �xtzd3XLUkg 0 W`b�c:v�[:d^]JspW`tzdLlm_Y_Ylmd:XLa0b&cLlmv�sy[:d:X½XLl � W`s �xtzd ­<Whs0spU�gpimgp«o�xUz��/Dt �:� _`[:dLi � l�g&l � UkspU�gpd�[:d:X 9D{|Ukg ¦
gpU�_nl 1^lospWYtzd:a � log&l � U�spUkgpd

ηP
�
ηF

l�{E�'��[^gpb&c 0 gpizUk{Ld:WYa0a0U U�dxspa � gpU�b&cLU�d:X:U�g ¡ U�a.spa¬�,[^gpX:U�d X:WYU ¢D{:{:gp[:b�c:imgpU�d:�\U�d
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η
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!" #
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$()

*+-, *+-, +-*+-, +.+-**�/�0�+21

+-, 321

+-, 3.4.5

+-, 3.4.6

+-, 3.421

+-, 3.4�7

� lV�

8�9�:�;�<�=�> ?�> @�A B�:�C�D
NG = 50

9�E�; > F�> @�A ; @�=�> ?�> @�A B�:�C�D
NG = 50

9�E�; > F�> @�A ; @�=�> ?�> @�A B�:�C�D
NG = 200

9�E�; > F�> @�A ; @�=�> ?�> @�A B�:�C�D
NG = 100

9�E�; > F�> @�A ; @�=�> ?�> @�A B�:�C�D
NG = 10

9�E�; > F�> @�A ; @�=�> ?�> @�A B�:�C�D
NG = 0
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V-W V.V._._

V-W V.V�_

V-W V.V]\�_

V-W V.V2\

V-W V.V2`�_
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bdc�c�egf�h�iukum¤nqp�aus�twv�x y�{�}6~�1g�������1{�����v�������� t �qx � {��1v�}�� ���1��{�������{�}6~��1����v�}6~ ������y�{�}8~l���u{��.������� ��{������.� ��¦l�1{���{������1�.� ���8���
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η
� � {��(�%��������{��1~����.�¤�1{����¤{�� ) ���u�o� ���1}6~���{��.�q�.� �

izU\U�WYimdLUks/izU��! ocL_hs\� ~ d:a.{|U\a0tmdLX:UkgpU!�,[^gpX:U!a0W`b�c:UkgpizU\a.spU�_Y_hs\�zXLlma0a/XLW`U25!U�X:WYd:iz[:d:i �w� � (m�Na.spUkspa/c:W`d:gpU�WYb&c:U\d:X�im[:s/Ukgpv��:_Y_hs�!log\�
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! Ukgpiz_YU�WYb&c�a0W`d:X�XLW`U 0 gpizUk{Sd:W`a0a0UDX:U�a/gpU\W`d�]xtzdxspWYdV[:WYUkgp_YW`b�c:U�d�¢<_YiztmgpWhspc � [:a � W`s?X:U�d�U\dxspa � gpU\b&c:U\d:X:U�d�e locL_`U\d�v��^g

ηXSl�gpizU\a.spU�_Y_hs\�xe�W`UDtm{|U\d�U�g0�! ocLdxs¨a.spW ��� U\d�a0WYU � Whs�X:U�d�¥,U\a0[:_hs&lospU\d�X:U�g¨t � spW � W`U�g0spU�d 0 WYb&c:�-1^W`U�gp[:d:i¬W � ¥Dlmc � U\d
XLUkgDqLU�cL_`U�g,�^{�UkgpU�WYd��
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XLWYlmimg&l ��� v��^g,X:WYU)v�[:d:XLl � U�dxs&lm_YU)��logpa.spU�_Y_`[Ld:i�W`a.sDW`d#¢D{:{LWY_`X:[Ld:i 3J� � izU��\U�WYios\�

• ~ d�X:U�g/��logpa.spU�_Y_Y[:d:i Q = 2
]xtmdLdxspU�dZspc:U�tmgpU�spW`a0b�c¬�xtmgpc:UkgpizU\aploimspU �¨_Y[:a.spU�g>�xtzdZ¢<�$. ¦ Txs0gpW`dLima/[:d:X��ftmdLt � t ¦

_YU�d5�m�z� 5��mWYd /�U�s0spU�d:v�tmg � �mdLlmb&c:izU��,W`U\a0U�dZ��U�gpX:U�d�� 0 W`dLU���U�W`spUkgpv��:c^gpU\d:X:U!¢<dLlm_ %Ja0U!WYa.s>{|U�gpU�W`spa'�xUkgp«m£|U\dxsp_YW`b�cxs
® ×z× ±²�

• ��Ukg>u?c:tmsptzd � gpt � lmixlosptog'�,[^gpX:U�WYd¤XLU�d�­<U�{LWYUkspU�d¬U�gpa.spUkg>[:d:XZd:WYb&cxs ¦ U�gpa.spUkg�.DgpX:dV[:dLi<WYd¤{|U�WYX:U�dZ��logpa.spU�_Y_`[Ld ¦izU\dyizU � U\a0a0U�d�� 0 WYd:U$5!U�a.spW ��� [:d:i�XLUkgD�flma0a0U)[:d:X#X:UkgDlmd:t � lm_`U\d#��W � U\d:a0W`tzd�X:U�a,uAgpt � loixlosptmgpa�Ukgpv�tz_`imspU
XL[^gpb&cCU�WYd:U�d q>W`s&lmd:aplosp�m�/�)l�{�U�W!��U\W`imspUya0W`b�c��AXLlma0a�X:WYUyq>W`s � log&l � U�spUkg�X:U�a�uAgpt � lmixl�sptmgpa�X:U � ! UkgpcLlm_`spU�d
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spc:Ukg � tJX %^dLl � W`a0b�c:Ukg .D{La0Ukg0�zl�{S_`U\d©W`d 5!U��\[:i8lm[:v!X:WYU�¢Dg0s¤XLU�a¬u?cLlma0U�dV�^{�Ukgpixlmd:izU�a¬v�tz_`izU\d�� ~ d:a.{�U�a0tzd:X:U ¦
gpU)�,WYU�a0U�d8a0WYU¤dLW`b�cxs ¦ a.spUkspWYizU�a ! UkgpcLlm_`spU�d�a0t°�,W`U¬U\W`d:U � %^a.spUkgpU\a0U)W � ­<Uk{LWYUks<X:U\aDu?cLlma0U�dJ�^{|Ukgpixlmd:izU�a<U�gpa.spUkg
.,gpX:dJ[:d:i�lm[:v��

• eªU�W`s�lm[^�xUkgpcLlm_`{rX:U�g<]JgpW`spW`a0b�c:U�df¥,U\izW`tzdfWYa.s�XLlma ! U�gpcLlm_hspU\d8X:U�g�q>W`s � log&l � U�spUkg�X:U�a�uAgpt � loixlosptmgpa�dLlmc:U��\[[:dLlo{LcL md:izWYij�xtzdrX:U�g�{|Uks0g&lmb&cVspUkspU�dr��logpa.spU�_Y_`[Ld:i:�5��locLU�X:Ukg�]JgpW`spW`a0b�c:U�/Dt �:� _Y[:d:iyizWY_hs)X:WYU�a2*RU\X:tJb&crd:WYb&cVs
� U�c^g\� ~ djX:Ukg�v�[:d:XLl � U�dxs&lm_YU�dy��logpa.spU�_Y_`[Ld:iZU\dxs��,WYbp]xU�_`s�X:W`U�u/gpt � lmixlosptmg � lma0a0U�XLtog0s�U\W`dj�8WYd:W � [ � �^{L_YU�W`{:s
lo{|Ukg�U�d:XL_`WYb&c�����U�g<{�U�tm{Slmb&cxs0{ l�gpU�¢D{Lvwlm_`_'WYa.s�W`drX:Ukg���logpa.spU�_Y_`[Ld:i

Q = 2
��U�a0U\dxsp_`WYb&cra.s& og0]zU�g)lm[:a0izU � g& mims

[:d:X}U�a)W`a.s¤d:W`b�cxs)ixlmd:��lm[:a0�\[:a0b&cL_`WYUk�xU�d5�EXLlma0a�X:WYU��flma0a0U�W � spcLUkg � tJX %^dLl � WYa0b&cLU�d �NW � U�a��xUkgpa0b&cV�,W`d:XLUks\�
¢<_`_YUkgpXLW`d:izajWYa.sjX:WYU�a0Urq:g&lmizU8{|U\W<X:UkgyizU�izUk{|U\d:U�d ­<U�dSlo[LW`im]xU�W`sjd:tJb�c½d:WYb&cxsyU\W`d:XLU�[^spWYi ��[½{|U\lmdxs���tmg0spU�d5�
e� mc^gpU\d:X}X:WYU�lmd:t � lo_YU���W � U�d:a0WYtzd}v��^g

Q = 1
WYd}X:Ukg¬a % ��� U�s0gpW`a0b�c:U�dªu?cLlma0U�X:U\[^sp_`WYb&c � tza0W`spWh�xU�eªUkg0spU

lmd:d:W ��� s<[:d:X#{|U�W � 9D{|U�gpizlmd:i�W`d�X:WYU � WYizima � cLlma0U��xUkgpa0b�cx�,WYd:X:Uks\�S�,WhgpX�a0W`U¤v��^g
Q = 2

WYd#X:U�g,]JgpWhspWYa0b&c:U\d
¥,U�izWYtzd3d:U�ixlospWh�|����W`U\a0UkgjqL[Ld:X3_n ma0a.sja0W`b�c � «ziz_`WYb&c:U�g0��U�WYa0U � W`sjX:UkgjizUkgpWYd:izU�d3�rloa0a0UfX:U\a uAgpt � lmixl�sptmgpa
[:d:X©X:U � 0 WYd ,L[:a0aZX:U�a¬X %^dLl � WYa0b&c:U\d � WYizima0v�U�_YX:U\a¤Ukg0]^_n �gpU\d��Na0WYU�cLU�®Y� � ±²� 0 WYd©a0tz_`WYX:U�a ! U�gpa.s& md:X:d:WYa¬a.spU�cxs
lm_`_YUkgpX:WYd:iza,d:tJb&c�lm[:a��

• ��WYUZ�8U�a0a0[:dLijX:U\a�uAgpt � lmizlosptmgpa�U�gpv�tmgpX:U�g0spU¬X:WYU¬�xtmgpc:U�gpW`izU���[^gpb&cLv��:c:gp[:d:ijU�WYd:U�g 0 W`b�c^�-1^W`U�gp[:d:i:� 0 W`d:U�izU ¦dLlm[:U8¢<dLlm_ %^a0U8X:U�a izUk{:g& m[:b�c:_YW`b�c:U�d ! Ukgpvwlmc^gpU�d:a��,W`U\a�X:WYU8�8«ziz_`WYb&c^]xU\Whs U\W`dLU�a Uk£|U�]JspWh�xU�d 0 WYd:aplosp��U\a X:Ukg
9D{|Ukg0gpU\_Yl 1:lospW`tzdClm[:v�� 0 WYd:U 5!U\a0b&c^gpU\Wh{L[Ld:iªX:U�a�a0t}�xUkg0{|U\a0a0Ukg0spU\d 0 W`b�c^�-1^W`U�gp[:d:izaplm_`iztmgpW`spc � [:a���[Lapl ��� U�d
� Whs�U�WYd:Ukg¨]^[^gp�\U�d�uAcSloa0U\d:a.s0gp[^]Jsp[^g&lmdLlm_ %Ja0U<[:d:X�XLU�d 0 gpizUk{LdLW`a0a0U\d�v��^g�X:U�d�uAgpt � lmixlosptog�W`d X:Ukg�v�[:d:XLl � U�d ¦
s&lm_`U\dy��logpa.spU�_Y_`[Ld:i�WYa.sDlm[:b&c#WYd}® � ¯�±5�\[j�Sd:X:U�d5�

��WYU�a0UZ¢Dg0{�U�W`sD{|U°l�{Sa0W`b�cxspW`ims�]xU\W`d:U\a.��U�iza�U�WYd:UZUkgpa0b�c:« � v�U\d:X:U 5!U�cLlmd:X:_Y[:d:ijX:U�a$3o� ¦ lo{|U�_Ya0b&cLU�d � WYiziza � tJX:U\_`_Ya��
Txs&los0spX:U�a0a0U\d7{L_YU�W`{|U�d7�^WYU�_YU8q:g&lmizU�d���XLW`U � «zim_YWYb&c:UªTVb�cx��Ukg � [Ld^]JspU8U\W`dLUkgylm[:vn{ lo[LU�d:X:U\d3[Ld:X7��U\WhspU�gpv��Lc^gpU�d:XLU�d
¢Dg0{|U�W`s�a0U\W`dy]x«zd:dxspU\d��Ltm£|U�d5�:a0t��m� 5<���

• 0 W`d:U)izU�dLlm[:U�gpU$5�U\a.spW ��� [:d:i�X:U�a�9D{|U�gpizlmd:iza � [Ld^]JspU�a λEP �:{L�k�)� 0 g � Whs0sp_Y[:d:i��ztzd λEP (β)
�

• ��Ukg 0 W`d:aplosp�<X^gpWhs0spU�g¨�8t � U�dVspUD��[:g 5�U\a.spW ��� [:d:i¤]JgpW`spW`a0b�c:Ukg 0 1 � tzd:U�dVspU�d � v��^g Q = 2
�>�:{|Ukg�U\W`d:U\d�imgp«m�zU ¦

gpU�drTVU\_h{Sa.s0]zt �:� _`[:dLima.{�UkgpU�WYb&cf[:d:X ! U�gpim_YU�WYb&c � Whs<X:U\d 0 gpizUk{Sd:W`a0a0U\d�W � �NtmdLX:tzd ¦ �EW � U�a�� � W`U�gp��[y�! ogpU¬X:WYU
0 dxs��,W`b&]^_`[:dLijd:U�[Llog0spWYizUkg�¢<_`iztmgpWhspc � U\d8�,�:d:a0b&cLU�d:a.��U�g0s\��[ � X:WYUZc:tzc:U�¢<[^sptm]xtog0gpU\_YlospWYtzd�{|U�W � tJX:U�g&lospU�d
­<Whs0spU�gpimgp«o�xU\d � L > 30

�?a0U�d:]zU\dy��[j]x«zd:d:U�d5�:�8«zim_YWYb&c:U>/)lmd:XLW`XLlospU\dya0b&c:U\W`dLU�djeª[^g � lm_`iztmgpWhspc � U\d}® ��� ±5�\[
a0U�WYd��

• 0 W`d:U�U\W`d:izU\c:U�d:XLUkgpU Txsp[:X:WYU�X:Ukg)spt � tz_`tzizW`a0b�c:U�dª��U�v�Uk]JspU�[:d:X}WYc^gpUkg¤¢<[:a.�,W`g0]J[Ld:izU�dªlo[Lv¨X:U�d}u?c:tmsptmd � gpt ¦� lmixl�sptmg\�
• ��WYUD�8U\a0a0[:d:i�X:U�a�uAgpt � loixlosptmgpa?{�U�W ¢<dx��U�a0U\d:c:U�W`s��xtzd �flospUkgpWYU�v�U�_YX:Ukgpd � W`s�c:«zc:UkgpU\d��NlmX:[:d:izU\d��^��Ukg�q lo_Y_
Q = 3

a0b�c:U�WYdxs {|U\a0tmdLX:Ukgpa�WYdxspU�gpU�a0aplmdxs\�¨XSlªc:W`U�g W � �Etzd:X:tzd ¦ �NW � U�a v��^g imU��,W`a0a0U 0 WYb&c:]zt �:� _`[:dLimU\d3U�WYd
u?cLlma0U�dV�^{�Ukgpixlmd:i�U�gpa.spUkg	.,gpXLdV[:d:i��xtmgp_`WYU�ims¤® 3z¯°±²�
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κc
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E�F G�H#I�JE�F G�H#IE�F G�H�K#LE�F G�H�K0IE�F G�H�K�KE�F G�H�K0ME�F G�H�K�H

E�F E�E#N%H
E�F E�E�N
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c�d e�f#g�hc�d e�f#gc�d e�f�i0jc�d e�f�i0gc�d e�f�i�ic!d e�f�i#kc�d e�f�i#f

c�d h_g
c�d h_k
c�d hml
c�d h0n
c�d h
c�d c�g

� v&�
bdc�c�egf�h�iukum b�pgr�s � v�� ���.��~�v����1�.�  9���

ρ2 t����q�.�qx8�
ρ oqp�r t ��{����1��x ����� ρ s�r!p t �����1�.�qx
F�� ��� �.{������ ����0ut������.� #%��¦�¦����������1�q�.���.{�}6~t���{����u�6x ����������v�~��o���.�7�u��{��1{��1}6~��.� #%��¦�¦��������

κc = 0.35782(1)
t ���.}6~��1�8x 1GF��7 ��.����}8~�{��.���.��� 8 {����1�.������0vt��.� {�� 8 ����{������.�����1���

w ������������	
Q = 1

�
β = 2.0

�
λ = 0.005

��y�{��
�u¦���������{��£���.� w �����.�  �v������.� v��
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P
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ρ2 t����q�.�qx8�
ρ oqp�r t ��{����1��x ����� ρ s�r!p t �����1�.�qx
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κc = 0.376936(15)
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